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INTRODUCTION 
Elastic-wave interactions with imperfect interfaces between two solids have 
important applications for their nondestructive evaluation. To model such imperfect 
interfaces non-classical boundary conditions (B.C.) are generally used. For fractured 
interfaces one can use micro-mechanical analysis to define the B.C. directly, such as 
the quasi-static (spring) model for cracked interfaces [1, 2]. These studies and more 
recent theoretical and experimental work [3, 4, 5] suggest that fractured interfaces can 
be modeled by such spring B.C. For interfaces with porosities/inclusions one can use 
thin multi-phase interfacial layers to model such solid-solid interfaces, and use 
asymptotic expansions to substitute for the interphases by equivalent interface B.C. 
[6, 7, 8]. Here "thin" means that the interfacial layer thickness-to-wavelength ratio is 
smalL An important aspect of wave interaction is the effect of interface imperfection 
orientation when the interface symmetry axes deviate from the incident-wave plane. 
Typical examples for (a) a fractured interface with preferred crack orientation and (b) 
an interphase with cylindrical-like pores or inclusions are shown in Fig. 1. 
In this paper we will introduce generalized spring B.C. which can be used to 
describe an anisotropic imperfect interface between anisotropic dissimilar solids, and 
will derive wave scattering coefficients from such an interface between two identical 
isotropic solids. Here we focus on fractured interfaces as shown in Fig. l(a). The 
interface imperfections have preferred orientations that induce anisotropy on the 
interface. When the incident plane (the (x, z) plane) coincides with the interface 
symmetry axis (the xO-axis, i.e. 'P = 0°), the in-incident-plane and out-of-plane elastic 
motions on the interface are decoupled, and the B.C. can be described by the quasi-
static (spring) model [1, 2] as 
(j zxo - O":xo 
(1 zyo - (1:yO 
O'zz - O"~z 
= -w2M (uxo +u~0)/2, 
-w2 M (uyo +u~0)/2, 
_w2 M (uz + u~)/2, 
(1) 
where (UiO, (1ziO) and (u:o, (1:iO ) are the particle displacements and stresses on the top 
and bottom surfaces of the interface in the material coordinate system (XO, yO, z), I<~ 
is the stiffness of an in-plane shear spring, I<~ is the stiffness of an out-of-plane shear 
spring, I<~ is the stiffness of a normal spring and M is the mass of the springs. The 
stiffnesses I<~, I<~, I<~ are obtained for the cracked interface using fracture mechanics 
[1, 2]. 
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Figure 1. Typical examples of the imperfect interfaces. (a) A fractured interface with 
a distribution of cracks, (b) an interphase with inclusions or pores. cp is the deviation 
angle of the incident (x, z) plane with respect to the xO-direction. 
GENERALIZED SPRING B.C. FOR INTERFACE IMPERFECTIONS WITH 
ARBITRARY ORIENTATIONS 
When the incident plane (the (x, z) plane) deviates from the symmetry axis of 
the interface (cp =I 0° or 90°), the in-incident-plane and out-of-plane elastic motions 
are coupled due to the interface anisotropy even for isotropic semispaces. Thus the 
spring B.C. (1) need to be generalized to describe these coupling effects, and to be 
used to study the effect of the interface imperfection orientation on elastic scattering 
and localization of guided waves on this interface. 
It is convenient to analyze scattering and interface wave problems by using the 
displacement-stress vectors defined in the rotated coordinate system formed by the 
incident and interface planes (x, y, z). The generalized spring B.C. in the rotated 
coordinate system can be obtained by applying coordinate transformations to the 
displacements and stresses in B.C. (1). Since the spring mass is independent of the 
selection of the coordinate system, one need only perform coordinate transformations 
to the parts of the B.C. involving stiffness terms. Let us first define a spring stiffness 
matrix KO in the material (XO, yO, z) coordinate system and the stress/displacement 
transformation matrix T for a coordinate rotation from (XO,yO,z) to (x,y,z) as 
K O = (1~f, 12~ ~) and T = (~~f:cp ~~~~ ~). (2) 
o O](~ 0 01 
From Eq. (1) we have 
(CI + ul )/2 = T(uO + uO') = TKo(uO - UO') = TKoT-1(u - Ui) == K(u - Ui), (3) 
where u = (u""uy,uz)T and CI = (uz", , U zy , uzzl are the particle displacement and 
stress vectors defined in the rotated coordinate system (x, y, z), and the generalized 
spring stiffness matrix K is 
K = J(c J(H 0 = (J(~ - ](~) sin cp cos cp J(~ sin2 cp + J(}j cos2 cp 0 . (
](y Ie 0) (](~COs2cp+](~Sin2cp (](~-J(~)sincpcoscp 0 ) 
o 0 I{n 0 0 J(~ 
(4) 
Here J( y is the in-incident plane shear stiffness, J(H is the out-of-plane shear stiffness, 
I<n is the normal stiffness and I<c is the shear stiffness coupling between in-incident 
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plane and out-of-plane shear stresses and displacements. Eq. (1) becomes 
(azx + a~x)/2 
(aZY + a~y)/2 
(azz + a~z)/2 
I azy - azy 
= J(v (ux - u~) + J(c (u y - u~), 
= J(c (ux - u~) + J(H (u y - u~), 
J(n (u z - u~); azx - a~x = _w2 M (ux + u~)/2, 
_w2 M (uy + u~)/2, azz - a~z = _w2 M (uz + u~)/2. 
(5) 
Eq. (5) is the new generalized spring B.C. Comparing B.C. (5) with (1) one sees that 
a new shear coupling spring stiffness J(c is added in to the generalized B.C. (5) which 
give the coupling of the in-incident plane and out-of-plane motions on the interface, 
and the matrix elements J( v and J(H are modified. Note that the magnitude of this 
coupling stiffness J(c is proportional to the difference between J(~ and J(iJr and to 
sin( 2cp); thus it vanishes in the plane of symmetry cp = 00 or 90 0 • 
To better reveal the physical meaning of the generalized stiffness matrix K and 
to validate the generalized spring B.C. (5), we next derive the elements of the 
generalized stiffness matrix K (4) using the interphase layer model as shown in Fig. 
l(b). Specifically, if one keeps in the second order B.C., given in [7,8], only the mass 
and stiffness terms one obtains the generalized spring B.C. for an off-incident-plane 
oriented orthotropic interphase. These B.C. have the same form as Eq. (5) with the 
stiffnesses and mass defined by 
In the above equations the Cij are the elastic constants in the rotated coordinate 
system formed by the incident and interface planes (x,y,z), and po and h are the 
density and thickness of the interfacial layer. When the incident plane coincides with 
the plane of symmetry (e.g. cp = 00 in Fig. 1 (b )), the spring stiffnesses are: 
(7) 
Using the relations between elastic tensors Cij in the rotated coordinate system (x, y, z) 
and C~ in the material coordinate system we can rewrite the stiffnesses (6) in the form: 
J(v = C55 /h = (cos2 cp C~5 + sin2 cp C~4)/h = cos2 cp J(~ + sin2 cp J(iJr, 
J(H = C44 / h = (cos2 cp C~4 + sin2 cp C~5)/ h = cos2 cp J(iJr + sin2 cp J(t, (8) 
J(c = C45 /h = sincpcoscp (C~4 - C~5)/h = sincpcoscp (J(iJr - J(t), 
J(n C33/h = Cf3/h = J(~. 
Thus the expressions (4) for the elements of K in the rotated coordinate system are 
consistent with those in Eq. (8) obtained using the interfacial layer approach. 
SCATTERING AND STONELEY WAVE LOCALIZATION BY AN INTERFACE 
WITH ARBITRARILY ORIENTED IMPERFECTIONS BETWEEN IDENTICAL 
ISOTROPIC SEMISPACES 
Using the spring B.C. (5) for an interface with arbitrarily oriented imperfections, 
we have derived analytical solutions for scattering coefficients on such an interface 
between identical isotropic semispaces [8]. Let us assume that the incident field is a 
combination of longitudinal and transverse (SV and SH) waves. Owing to the isotropy 
of the semispace, an incident transverse wave of arbitrary polarization can always be 
decomposed into two transverse waves, the in-incident plane part (SV) and out-of-
plane part (SH). We assume that the three different incident waves satisfy Snell's law 
k = k/sin(B/) = ktsin(Bt ), where B/ and Bt are the incident angles, and k/ and kt the 
wave numbers of the longitudinal and transverse waves. 
There are three reflected and three transmitted waves for each of the three types 
of incident waves, due to the interface anisotropy. Thus a combination of scattered 
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waves for all three incident waves gives the total scattering. To describe this, let us 
introduce scattering matrices - R for the reflected and T for the transmitted fields as: 
( RII RH/ RVI) R= R/H RHH RVH , 
R/V RHV Rvv 
( Til TH/ TVI) T = T/H THH TVH , 
T/V THV Tvv 
(9) 
where in each element, the first subscript denotes the type of incident wave and the 
second subscript the reflected or transmitted wave. 1 stands for longitudinal, V and H 
for SV and SH waves respectively. The scattering matrices Rand T can be found by 
solving the generalized spring B.C. (5) after substituting stress-displacement relations 
for the stresses. The dispersion equations for Stoneley waves localized by the 
imperfect interface can be found from denominators of the scattering coefficients. We 
have performed such derivations for an interface between identical semispaces by 
decomposing the elastic field into symmetric and antisymmetric parts. For details of 
the derivation the reader is referred to [8]. Below we only give some of the results. 
Let us first consider an antisymmetric interface wave propagating along a 
symmetry axis of interface imperfections (e.g. the xO-axis in Fig. 1). The B.C. are 
described by (1), and the dispersion equations are 
~~ = 2J(~(2if3flkt + alw2 M) + 2~rfl2k; - i,w2 Mflkt = 0, (10) 
~~H = flktf3 + 2iJ(t = o. (11) 
Eq. (10) is for the antisymmetric mode with elastic motions in the (XO,z) plane and 
Eq. (11) for that with elastic motions along the yO -direction. In the above equations 
the non-dimensional parameters are 0: = Vt/V, ~ = Vt/Vi, where V is the interface 
wave velocity and Vi and Vt are respectively the longitudinal and transverse wave 
velocities in the semispace; 13 = ~, , = ~ = V~2 - 0:2 and ~r = (20:2 - 1)2 -
40:213, is the characteristic equation of Rayleigh waves in the semispace material. Note 
that Eq. (11) does not yield a real solution since 13 = i~ is a positive imaginary 
number for a propagating mode (0: > 1). 
When the interface wave propagation direction deviates from the symmetric axis 
of interface imperfections, the B.C. are described by (5) and the dispersion equation 
for the antisymmetric mode becomes a single coupled equation: 
Here ~g(J(v,M) and ~gH(J(H) have the same forms as the characteristic functions 
(10) and (11) except the stiffnesses J(v and J(H in the general form of (4) are used. 
The terms involving J(c in Eq. (12) describe the effect of the coupling between the 
(x, z) plane and out-of-plane motions on the localized interface wave. One sees from 
Eqs. (10-12) that J(n is not involved in the localization of antisymmetric modes. 
For the symmetric mode the dispersion equations are 
~S(J(n' M) 
~~ 
~gH 
~~(J(n' M)~gH(M) = 0, 
2!(n(2hflkt + alw2M) + 2~rfl2k; - if3w2Mflkt , 
2flktf3 - iw2 M. 
(13) 
(14) 
(15) 
One sees that none of the shear stiffnesses are involved in Eq. (13). Thus the effect of 
the interface anisotropy is not reflected in the symmetric interface mode. 
The scattering coefficients have been obtained in two parts: symmetric and 
antisymmetric [8]. The antisymmetric coefficients are: 
a ~a( -,) a ~g~gH( -(3) + 4J(;(2f3flkt - ialW2 M) 
RII = - ~ab) , RHH = - ~g~gH(f3) + 4J<';(2f3flkt - i alW2 M) , 
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RHI 
6,~( -(3)6,~H - 4l(;(2!3flkt + ialW2 M) 
6,~(!3)6,gH + 4JC;(2!3flkt - ialW2 M) , 
- 4~~ flkt( 4iflkt!3 + W2 M)](e, RVH = ~~ flkt(2flkt W + i,w2 M)](e, 
(16) 
= - 4i~~~ [w2 M(2]( V](H - 2](; - iflkt!3]( V) + 2fl2 k;W(2](H - iflkt(3)]. 
The scattering coefficients for the symmetric part are 
6,S(_,) s 6,~(-!3) s 6,~H(-!3) 2flkt!3+iw2M 
Ril - 6,s(,) , Rvv = 6,M(3) , RHH = - 6.'tJH(!3) = 2flkt!3 - iw2 M' 
RJll 0, R{rH = 0, Rh = - 4t.~(W2M](n +2j12k;W). (17) 
In the above equations Q' = sin(Bt ), !3 = cos(Bt ), , = ~ cos(BI), W = - cos(2Bt) and 
L1r = cos2(2Bt) - 4~ sin2 (Bt) cos(Bt) cos(BI). 
Other scattering coefficient equations can be found by reciprocity [9] as: 
R(a,s) _ ~R(a,s) 
IH - !3~2 HI , 
R(a,s) _ _ ~R(a,8) R(a,s) _ _ R(a,s) 
IV - !3e VI, HV - VH . (18) 
The total scattering matrices for the reflected R and transmitted T waves are the 
sums of the symmetric and anti symmetric scattering matrices: 
R = ~Ra + ~R8 T = ~Ta + ~Ts = _~Ra + ~Rs. (19) 
22' 22 22 
Next consider the spring B.C. model without the mass M terms in (5). In this 
case the stresses are continuous across the interface, and the dispersion equations and 
scattering coefficients can be found by putting M = 0 in Eqs. (10-17). 
NUMERICAL RESULTS FOR WAVE SCATTERING AND STONELEY WAVE 
LOCALIZATION BY AN INTERFACE WITH A PERIODIC ARRAY OF 
HORIZONTAL STRIP CRACKS 
To demonstrate the effect of the interface imperfection orientation on wave 
scattering and Stoneley wave localization, we give here a detailed analysis for a 
fracture interface with a periodic array of horizontal strip cracks between two similar 
isotropic semispaces. The structure of the cracked interface is shown in Fig. 2. The 
cracks are assumed to be thin in the z-direction; thus the inertial effect of the cracks 
is neglected. s is the center-to-center spacing between adjacent cracks, w is the width 
of the uncracked portion and A = (s - w) / s is the crack area fraction in the interface 
plane. Margetan et al have obtained the spring stiffness constants by calculating the 
deformation of the cracked interface under static loading, and given the spring stiffness 
B.C. in the material coordinate system (XO, yO, z) as [2]: 
( a zx
O = a;xo ) ( 1 0 0) ( UxO - u~o ) 1[' E 1[' A 
azyo = azyo = [( 0 1 - /I 0 uyo - u~o ,[( = ---2 {In[sec(-)]} -1; 
a = a' 0 0]( U - u' 4s 1 - /I 2 zz zz Z z 
(20) 
where E and /I are Young's modulus and Poisson's ratio for the semispace material. 
One sees that the stiffness along the crack direction is smaller than those normal to 
the crack direction, i.e. ](~ = (1 - /1)](, ](~ = ](~ = K. 
For an arbitrary crack orientation 'P as shown in Fig. 1 (a) the generalized spring 
B.C. can be found from Eq. (4) as 
( 
azx ) (1 - /I sin2 'P 
a zy = ]( -/I sin 'P cos 'P 
azz 0 
-/I sin 'P cos 'P 
1 - /I cos2 'P 
o 
0) ( U x - u~ ) o u y - uy . 
1 U z - U z 
(21) 
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crack area fraction: A-(s-w)/s 
i? s~w-P 
Figure 2. An interface with a periodic array of horizontal strip cracks. 
One sees from Eq. (21) that the in-plane and out-of-plane normalized shear 
stiffnesses Kv/K and [(H/[( vary their values between 1- 1/ and 1, while the 
maximum value for the normalized coupling shear spring Ke/ K is 1/ /2 at <p = 45°. 
Next we will give numerical results for wave scattering and dispersion of interface 
modes on this cracked interface. The material properties of the semispace are E = 75 
Gpa, 1/ = 0.3 and density p = 2.70 g/cc. The greatest difference between K~ and 
KZ: is 30%; thus the interface anisotropy is relatively weak. The crack parameters are 
crack area ratio A = 0.5 and crack spacing s = 0.2 mm (K = 9.3 x 1014 N/m3 ). Let 
us first consider mode conversions of an obliquely incident SV wave into reflected and 
transmitted SH waves. The excitation of the SH wave is due purely to the asymmetry 
of the interface about the incident plane. The reflected and transmitted coefficients 
for the SH waves are: 
T - -R _ 2i cos 20t cos Ot Zt w Ke (22) 
VH - VH - (2i cos Ot [(v + Zt w ll.r)(cosOt Zt w + 2i K H) + 4cosOt Kt 
where Zt = pVt is the shear wave impedance of the semispace material, Ot is the 
scattered angle of the shear waves. One sees that the mode conversion coefficients are 
approximately proportional to the shear coupling spring 1<0. The equality between the 
reflection and transmission coefficients for the SH waves is due to the requirement of 
continuity of the out-of plane shear stress on the interface. 
Fig. 3(a) shows the conversion coefficients RVH , Rvv and Tvv versus incident 
angle Ot at <p = 45°. One sees from the figure that the reflection amplitude of the SH 
wave is close to that of the SV wave at a particular angle range (between 20° to 30° in 
the figure). One may also note that the mode conversion to the SH wave at incident 
angle Ot = 45° is zero. Since the mode conversion to the SH component is due purely 
to the coupling of the in-incident plane shear stress and displacement to the out-of-
plane shear displacement and stress, at Ot = 45° the excited in-plane shear stress of an 
incident SV wave is zero and thus there is no excitation of an SH wave. To illustrate 
the effect of interface anisotropy on the mode conversion between SV and SH waves, 
we calculate the conversion coefficients RVH and Rvv for an incident SV wave at 
normal incidence as a function of <p. The results are shown in Fig. 3(b). One sees that 
in the plane of symmetry (<p = 0° or 90°) there is no mode conversion because there 
is no coupling between the in-plane and out-of-plane elastic fields (Ke = 0), while at 
<p = 45°, where the coupling between in-plane and out-of-plane shear components is 
the strongest, the mode conversion coefficient reaches its maximum value. 
The reflected SV and SH waves have the same speed and cannot physically be 
separated; as a result a single shear wave with a modified polarization is scattered. 
Compared to the incident SV wave, the polarization of the scattered shear wave has 
an out-of-plane displacement component. The out-of-plane angle of the polarization 
for the scattered shear wave is dependent on the amplitude ratio of the reflected SV 
and SH waves, and can be found as 1jJ = arctan[l( -2i Ke)/(2i KH+Zt w)ll. In this case 
the cracked interface works like a polarizer as in optics, forcing a polarization change 
in the scattered wave due to the interface anisotropy. Fig. 3( c) shows the out-of-plane 
component 1jJ in the polarization angle of a scattered shear wave versus <p for an 
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Figure 3. (a) Reflection coefficients Rvv and RVH and transmission coefficient Tvv 
versus incident angle Ot at 'P = 45°. (b) Reflection coefficients Rvv and RVH versus 
incident plane deviation angle 'P. (c) Polarization angle change .,p of the reflected 
shear wave for a normally incident SV wave versus incident plane deviation angle 'P. 
incident SV wave at normal incidence. One sees from the figure that the maximum 
polarization angle change (about 9 degrees) occurs around 'P = 45°. 
In order for the interface mode to be effectively localized on an imperfect 
interface, the interface has to have low stiffnesses [10]. Here we calculate the dispersion 
curves of the ~uided modes localized in an interface with cracked area fraction A = 0.8 
(K = 9.6 x 10 1 N/m3 ). The dispersion equation for an antisymmetric mode along the 
x-direction is: 
~ a = (2if3K V + ZtW~T ) (f3 Z tW + 2iKH ) + 4f3K~ = 0, (23) 
where f3 = )1 - (Vt/V)2. The normalized antisymmetric interface velocity V/Vt is 
given in Fig. 5(a) versus 'P at f = 15 MHz. Note that the interface wave normal 
deviates from the xO-direction by angle 'P. One sees from Fig. 4(a) that the normalized 
interface wave velocity changes only slightly from 0.956 to 0.948 as the wave changes 
its propagation direction from perpendicular to parallel to the crack orientation. This 
is due to a small continuous drop from /(~ to (1 - v)/(~ in the shear stiffness /(vas 
'P increases. 
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Figure 4. (a) Normalized antisymmetric interface wave speed versus <p (A = 0.8, s = 
0.2 mm, f = 15 MHz). (b) Normalized symmetric interface wave speed versus f. 
The dispersion equation for a symmetric interface mode ro a ating along the x-
direction is: D.s = 2i,J(n + ZtwD.r = 0, where, = (Vt/Vt)2 - (Vt/V)2. One sees that 
the symmetric wave speed is dependent only on J(n thus is independent of the wave 
propagation direction. The cut-off frequency of the symmetric mode can be found as 
fe = VI - (Vt2)/(v,?) J(n/CrrZt). Fig. 4(b) shows the normalized wave speed of the 
symmetric mode as a function of frequency for the same cracked interface. One sees 
from the figure that there exists a cut-off frequency at f = 7 MHz and the wave speed 
drops rapidly as frequency increases. 
CONCLUSIONS 
For an interface with arbitrarily oriented plane imperfections the generalized spring 
B.C. are introduced. The spring stiffness elements can be obtained from those defined 
for the plane of symmetry. An additional coupling shear spring appears in the B.C. 
The generalized shear springs depend on the deviation angle of the incident plane from 
the plane of symmetry. They can be used for anisotropic interfaces between dissimilar 
anisotropic solids. Analytical solutions for wave scattering and dispersion equations 
for interface modes on such an interface described by the generalized spring B.C. 
(including mass terms) are given. They can be applied to predict the effect of 
interface imperfection orientation on wave scattering and interface mode dispersion. 
Numerical examples have been given for an interface with a periodic array of 
horizontal strip cracks between two identical semispaces. Mode conversions to SH 
waves and angle changes in polarizations of the scattered shear waves are discussed. 
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